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Abstract
Let  denote an antipodal distance-regular graph of diameter four, with eigenvalues



































33 ∈ (r − 2)R+:
It remains to consider only two more Krein bounds, namely q411¿ 0 and q
4
44¿ 0. Juri)si*c and
Koolen showed that vanishing of the Krein parameter q411 of  implies that  is 1-homogeneous
in the sense of Nomura, so it is also locally strongly regular. We study vanishing of the Krein
parameter q444 of . In this case a well-known result of Cameron et al. implies that  is locally
strongly regular. We gather some evidence that vanishing of the Krein parameter q444 implies 
is either triangle-free (in which case it is 1-homogeneous) or the Krein parameter q411 vanishes
as well. Then we prove that the vanishing of both Krein parameters q411 and q
4
44 of  implies
that every second subconstituent graph is again an antipodal distance-regular graph of diameter
four. Finally, if  is also a double-cover, i.e., r=2, i.e., Q-polynomial, then it is 2-homogeneous
in the sense of Nomura.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Once we know the local structure of a distance-regular graph, we often can prove
its uniqueness or construct all such graphs, see Brouwer et al. [5, p. 492]. Sometimes
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vanishing of certain Krein parameters in a distance-regular graph determines its local
structure, for example see
• Cameron et al. [7] for the case of strongly regular graphs,
• Godsil [10] for the case of antipodal distance-regular graphs of diameter three, and
• Juri)si*c and Koolen [15] for the case of antipodal distance-regular graphs of
diameter four.
The last case deserves further investigation. Let C denote the set of all antipodal
distance-regular graphs of diameter four and let ∈C denote a graph with eigenvalues
k=0¿1¿ · · ·¿4 and antipodal class size r. Then there are 20 Krein parameters
qhij() with 16i6j6h64 that are associated with ∈C and they can be divided into
four groups (see [15] 1 ), namely those that are










34=0 for each ∈C,














33 =0 for each ∈C,







33∈(r − 2)R+ for each ∈C,
(iv) the remaining Krein parameters, i.e., q411 and q
4
44.
An interesting combinatorial interpretation of the vanishing of a certain group of Krein
parameters of graphs in the set C can be obtained only when the Krein parameters
belong to the group (iv) or to the group (iii) (i.e., r=2). Let us Krst suppose that the
Krein parameter q411 of  vanishes. Then Juri)si*c and Koolen [15] showed that  is
1-homogeneous in the sense of Nomura, in particular, it is also locally strongly regular.
See also [14]. If we denote the nontrivial eigenvalues of a Krst subconstituent graph
by p and −q, then  is called an antipodal tight graph of diameter four and with
parameters (p; q; r), and denoted by AT4(p; q; r).
In this paper we study vanishing of the Krein parameter q444 of . This implies
that the antipodal quotient  of  is a strongly regular graph with Krein parameter
q222=0. Cameron et al. have shown that such a graph  is a Smith graph and has
strongly regular Krst and second subconstituents. Since the local graphs of  are also
the local graphs of , the vanishing of the Krein parameter q444 of  implies that the
graph  is locally strongly regular. In Section 3 we derive the Smith parameterization
of , which we use to Knd some evidence that the vanishing of the Krein parameter
q444 implies  is either triangle free (in which case it is 1-homogeneous as well) or
the Krein parameter q411 of  vanishes as well. For example, there are no contra-
examples whose antipodal quotients have less than 1020 vertices. Then we consider
the case when both Krein parameters q411 and q
4
44 of  vanish, i.e., the graph  is an
1 For an antipodal distance-regular graph of arbitrary diameter we have qhij=0 when precisely two of the
eigenspaces i; j and h belong to the quotient (for our ordering of eigenvalues an eigenspace i belongs to
the quotient precisely when i is even), and for antipodal 2-covers also when none of them belongs to the
quotient. See [5, p. 413].
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antipodal tight graph AT4(p; q; r) with p=q − 2. Smith graphs are 2-homogeneous,
so we check in Section 4 how close is the distance partition corresponding to a pair
of vertices at distance two of an antipodal tight graph AT4(p; q; r) to being equitable.
In Section 5 we show that every second subconstituent graph of  with vanishing
Krein parameters q411 and q
4
44 is again an antipodal distance-regular graph of diameter
four. This extends a result of Soicher. Indeed, the antipodal distance-regular graph
with valency 56 and diameter four, constructed by Soicher [22], cf. Brouwer [4], is an
antipodal tight graph AT4(2,4,3), and thus each second subconstituent graph is again
an antipodal distance-regular graph of diameter four. Soicher has found this property
with the aid of computer. Finally, we show that if  is also a double-cover, then it
is 2-homogeneous in the sense of Nomura. In this case  is Q-polynomial, and thus
an antipodal tight graph AT4(q − 2; q; 2). We conclude in Section 6 with some open
problems and directions for further study of the AT4 family. For example, what might
be the graphs induced by the common neighbours of two vertices at distance two (the
so-called -graphs)?
2. Preliminaries
We recall some basic deKnitions and notation. A symmetric d-class association
scheme over the set X is a set of symmetric binary matrices I=A0; A1; : : : ; Ad of
size |X |×|X |, which sum to the all ones matrix and for which any product of these




ijAh (06i; j6d) for
some parameters phij, called the intersection numbers. These matrices form a basis
of a semi-simple commutative subalgebra M of MatX (C), known as the Bose–Mesner
algebra. Let E0; E1; : : : ; Ed denote the minimal idempotents of the Bose–Mesner algebra
M chosen so that |X |E0 is the all ones matrix. The matrices E0; E1; : : : ; Ed sum to the
identity matrix, and












where “◦” denotes the entry-wise multiplication, called the Schur product of matrices.
The constants qhij are called the Krein parameters of the association scheme and are
always nonnegative. The numbers P0i ; : : : ; Pdi are the eigenvalues of the matrix Ai, and
the numbers Q0i ; : : : ; Qdi are the dual eigenvalues of the matrix Ei. The eigenvalue pi1
of A1 has multiplicity Q0i.
An equitable partition of a graph  is a partition of its vertices into cells C1; C2; : : : ;
Cs such that for all i and j the number cij of neighbours, which a vertex in Ci has
in the cell Cj, is independent of the choice of the vertex in Ci, i.e., each cell induces
a regular graph and all the edges between any two cells induce a graph with ver-
tices in each cell having the same valencies. Let  be a Knite, simple and connected
graph of diameter d and x its vertex. The set of vertices at distance i from x is de-
noted by i (x). The graphs induced by the neighbourhood (x)=1(x) and the second
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Fig. 1. The distance distribution corresponding to an edge xy: D ji =D
j
i (x; y)=i(x)∪i(y). The edge between
the cells Dji and D
‘
k is labeled near the cell D
j
i with the number of the neighbours that each vertex in D
j
i
has in D‘k . The number beside a cell D
j
i or its loop is the valency of the graph induced by vertices of the
cell. See [17, Lemma 2.11].
neighbourhood 2(x) are, respectively, called 7rst and second subconstituent graphs
with respect to x. The graph  is distance-regular when the distance partition {0(x); 1
(x); : : : ; d(x)} corresponding to any vertex x of  is equitable and the parameters of
the equitable partition do not depend on x. In a distance-regular graph for a pair of
vertices (x; y) at distance h, the number phij of vertices at distance i from x and j from





i; i−1 and p
0
ii , respectively, by ai; bi; ci and ki, for i=0; 1; : : : ; d. We
collect this data into the intersection array of : {b0; : : : ; bd−1; c1; : : : ; cd}. The number
ai is redundant since  is regular with valency b0=ai+bi+ci. For a detailed treatment
and all the terms which are not deKned here see Biggs [1], Brouwer et al. [5] and
Godsil [11]. A graph is i-homogeneous in the sense of Nomura [21] when the distance
partition corresponding to any pair of vertices at distance i is equitable, and the param-
eters corresponding to the equitable partitions are independent of vertices at distance i,
see Fig. 1.
A graph  of diameter d is antipodal if the vertices at distance d from a given vertex
are all at distance d from each other. Then ‘being at distance d or zero’ induces
an equivalence relation on the vertices of , and the equivalence classes are called
antipodal classes. For an antipodal graph  we deKne the antipodal quotient of 
to be the graph with the antipodal classes as vertices, where two classes are adjacent
if they contain adjacent vertices. Let  be an antipodal distance-regular graph with
diameter d∈{2m; 2m+1}. Then the size of its antipodal classes is r=1+ bm=cd−m. In
the case when d=4 its intersection array has the following form:
{b0; b1; b2; b3; c1; c2; c3; c4}={k; k − a1 − 1; (r − 1)c2; 1; 1; c2; k − a1 − 1; k}
by [5, Proposition 4.2.2]. We summarize below the basic relations concerning the
parameters of . See [15, Lemma 4.1] and cf. [5, Section 1.3,4.2].
Lemma 2.1. Let  be an antipodal distance-regular graph of diameter four, with v
vertices and antipodal class size r. Let k=0¿1¿2¿3¿4 denote its eigenvalues
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and let mi denote the multiplicity of i. Then the following hold:
(i) The antipodal quotient is a connected strongly regular graph of diameter two
and with parameters (k; a1; rc2). Its eigenvalues are 0=k and 2; 4, which are
the roots of x2 − (a1 − rc2)x − (k − rc2)=0. The remaining eigenvalues 1 and
3 of  are the roots of x2 − a1x − k=0. The multiplicities are
m0=1; m2=
(4 + 1)k(k − 4)
rc2(4 − 2) ; m4=
v
r





(ii) Parameters of the antipodal quotient can be expressed in terms of eigenvalues
and r:
k = 0= −13; a1=1 + 3; b1= − (0 + 1)(4 + 1) = −(1 + 1)(3 + 1);
c2 = (0 + 24)=r:
(iii) The eigenvalues 2; 4 are integral, 46 −2, and 062, with 2=0 if and only
if  is bipartite. Furthermore, 3¡ −1, and the eigenvalues 1; 3 are integral
when a1 =0.
The distance matrices of a distance-regular graph  with diameter d and eigenvalues
0¿ · · ·¿d form an association scheme. The matrix P() of their eigenvalues can be
calculated from (P)ij=vj(i); i; j∈{0; : : : ; d}, where vi(x) is the polynomial for which
the ith distance matrix Ai=vi(A), and it has in the case of antipodal distance-regular




1 0 0b1=c2 0(r − 1) r − 1
1 1 0 −1 −1
1 2 −r(2 + 1) 2(r − 1) r − 1
1 3 0 −3 −1




The cosine sequence ( 0;  1; : : : ;  d) corresponding to i is deKned by  j=vj(i)=kj;
i; j∈{0; : : : ; d}, see [5, pp. 128, 142]. The cosine sequences of an antipodal tight graph
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Let  be an antipodal tight graph AT4(p; q; r). The parameters corresponding to
a 1-homogeneous partition of  were calculated [15] in terms of the parameters
p; q and r using the above information and formulas in [17, Theorem 11.2 and
Lemma 2.11].
3. The Krein parameter q444 and Smith graphs
Now we study the vanishing of the Krein parameter q444 of a nonbipartite antipodal
distance-regular graph  with diameter four, eigenvalues k=0¿1¿2¿3¿4 and
antipodal class size r. In this case the antipodal quotient of  has the vanishing Krein
parameter q222, so it allows the well-known Smith parameterization. Therefore,  can be
parametrized with three parameters, namely the nontrivial eigenvalues of the antipodal
quotient  (i.e., 2 and 4) and the antipodal class size r. Using this we Knd some
evidence that  is either triangle-free or its Krein parameter q411 also vanishes, i.e., 
is 1-homogeneous.
Let  be a connected strongly regular graph with diameter two and eigenvalues
k¿t¿s. Let us also assume that  is not bipartite. This implies t¿0 and that s¡ −1,
since  is a connected graph of diameter two. Let us consider the Krein bound q222¿0,
i.e., b21(k
2 + s3)¿2(1 + s)3, where, b1=k − )− 1. Since =k + st; )=+ s+ t and
b1= − (s + 1)(t + 1), this inequality becomes k(t(t + 2) − s)¿s(s(2t + 1) − t2) af-
ter dividing by (1 + s)2(k − s). Since t(t + 2) − s¿0, this last inequality implies
that
k ¿ −s (2t + 1)(t − s)− t(t + 1)
(t − s) + t(t + 1) ; )¿− (s+ 1)t
(t − s)− t(t + 3)
(t − s) + t(t + 1) ;
¿ −s(t + 1)(t − s)− t(t + 1)
(t − s) + t(t + 1) ; (3)
with equality in each of the above inequalities separately if and only if q222=0. Sim-
ilarly, the Krein bound q111¿0 gives us k(s(s+ 2)− t)¿t(t(2s+ 1)− s2). A strongly
regular graph with parameters (k; ); ) given by taking equalities in (3), where t
and s are integers such that t − s¿t(t + 3) (i.e., )¿0) and k¿t¿s is called a
Smith graph. Obviously in a Smith graph q222=0 and straightforward calculations
show that its eigenvalues are k; t and s. See [7, Section 6]. An example of a Smith
graph is the second subconstituent graph of the McLaughlin graph, i.e., the antipo-
dal quotient of the Soicher1 graph. This is the strongly regular graph with parameters
(162; 56; 10; 24), the nontrivial eigenvalues 2;−16 and its local graphs equal to the
Gewirtz graph.
If either q111=0 or q
2
22=0 in , then Cameron et al. [7, Theorem 5.4] showed
that the Krst and the second subconstituent graphs are both strongly regular. See
Fig. 2.
Conversely, let us suppose that there exists a vertex of  whose ith subconstituent
graph is strongly regular for i∈{1; 2}, and let ai¿ti¿si be its eigenvalues. Then
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Fig. 2. Suppose that the Krst and the second subconstituent graphs of a strongly regular graph 
are both strongly regular, with parameters (k′; )′; ′) and (k′′; )′′; ′′), respectively. Since -graphs
are ′-regular by [15, Theorem 3.1(i)], it follows that  is also 1-homogeneous and 2-homogeneous.
(a) Parameters of 2-homogeneous partition of  corresponding to vertices u and v of  at distance
two. Note that +() := |(u)∩(v)∩(w)|=a1 − )′′, where w∈2(u)∩(v). (b) Parameters of 1-ho-
mogeneous partition of . Since we already know that +=+() is a constant, we can calculate it from
+()(k2 − b1)=a1(b1 − a1 + )′ + 1).
Cameron et al. [7, Theorem 6.2] showed that  or its complement is either
(i) the pentagon,
(ii) of Latin square type 2 Ls(t − s) or negative Latin square type NLt(t − s), or
(iii) a Smith graph with s1=(t2 + 2t + s)=2 and s2=(s− t2)=2.
Note that only the pentagon has q111=q
2
22=0, and that the only strongly regular graphs
of Latin square or negative Latin square type with qiii=0 for some i∈{1; 2} are those
with parameters NLt(t2 + 3t) or their complements.
A distance-regular graph with diameter d¿3 and eigenvalues -0¿-1¿ · · ·¿-d is
called tight in the sense of Juri)si*c et al. [17] whenever it is not bipartite and k(a1 +
b+b−)=(a1− b+)(a1− b−), where b+= −1− b1=(1+ -d) and b−= −1− b1=(1+ -1).
Tight distance-regular graphs were characterized in [17] by 1-homogeneous property in
the sense of Nomura and a1 =0; ad=0, and furthermore by their Krst subconstituent
being a strongly regular graph with eigenvalues a1; b+ and b−.
2 A strongly regular graph with parameters (k; ; )) and eigenvalues k¿t¿s is said to be of (negative)
Latin square type when = s(s + 1) (respectively = t(t + 1)). Note that the complement of a graph of
(negative) Latin square type is again of (negative) Latin square type, cf. [5, p. 68]. A graph of Latin square
type is denoted by Lu(v), where u= − s; v= t− s, cf. [3], and it has the same parameters as the line graph
of a transversal design TDu(v), cf. [5, p. 68]: (n; k; ); )=(v2; u(v− 1); (v− 2) + (u− 1)(u− 2); u(u− 1)).
Graphs of negative Latin square type ware introduced by Mesner [20] and are denoted by NLe(f), where
e= t; f= t − s and its parameters can be obtained from the parameters of Lu(v) by replacing u by −e and
v by −f, cf. [18, p. 373].
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The following result describes the antipodal quotient of a nonbipartite antipodal
distance-regular graph  with diameter four and q444=0: such a graph is a Smith
graph, which satisKes some strong, additional constraints.
Lemma 3.1. Let  be a nonbipartite antipodal distance-regular graph with diameter
four, antipodal class size r, eigenvalues k=0¿1¿t=2¿3¿s=4, and q444=0.
Then the antipodal quotient of  is a Smith graph, the smallest eigenvalues of its
subconstituent graphs are s1=(t2 + 2t + s)=2 and s2=(s − t2)=2, and exactly one of
the following holds:
(i)  is triangle-free, i.e., a1=0;
(ii)  is an antipodal tight graph AT4(t; t + 2; r),
(iii) s= −(t+1)2−1, the antipodal quotient of  is the point graph of a generalized
quadrangle GQ(w; w2), where w= t+1; t is even and 4w3 +(w+1)2 is a perfect
square;
(iv) s and t are even, −(t + 2)2 +√t + 26s¡ −(t + 1)2 − 1, and for q= t + 2 and
u=(s+q2)=2 we have (q(q−1)−u) | (q−2)2(q−1)2q and the following expression
is a perfect square:
4u4 [q− 2]2
− 4u3 (q− 1) [q3 − q2 − 6q+ 10]
+ u2 (q− 1)2 [q4 + 6q3 − 15q2 + 12q+ 20]
− 2u (q− 1)3 [q(q+ 1)(q2 + 4)]
+ (q− 1)4 [q(q+ 2)]2:
Proof. Let  be the antipodal quotient of . The eigenvalues of  are k; t; s and the
relations a1()=a3()=a1(); a2()=a2() imply that  is not bipartite either. So
we have t¿0 and, since  is connected and has diameter two, also s¡ −1. Further-
more, q2h2i;2j()=0 if and only if q
h
ij()=0. The local graphs of  are also the local
graphs of . Since  is strongly regular, q222()=q
4
44()=0 implies that , and so
also , is locally strongly regular.
If  is an eigenvalue of a graph, then we denote by m() its multiplicity. Since
the pentagon is the only strongly regular graph with q111=q
2
22=0, we have q
1
11()=
q222() =0, cf. [15, Theorem 4.3(iii)]. Therefore, by [7, Section 6], we have m(s)¡
m(t), the graph  is a Smith graph with the smallest eigenvalues of the subconstituent
graphs s1=(t2 + 2t + s)=2; s2=(s− t2)=2, and one of the following holds:
(i) a1=0; t2= t; s2= t + s; 1 + m(s2)=m(s)=k,
(ii) t2= t= t1; s1 + s2= t + s; m(s2)=m(s1)=m(s)− 1.
Let us consider the Krein bound q411¿0 of , i.e., 
2
3¿ − 4, i.e.
s2 + s(a21 + 2k) + k
2¿0. Since the Krein parameter q444 vanishes, inequalities in (3)
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hold with equality
k=
−s(t2 − 2ts− s)
t2 + 2t − s ; a1=)=
(s+ 1)t(t2 + 2t + s)
t2 + 2t − s ;
c2()==
s(t + 1)(s+ t2)
t2 + 2t − s : (4)
Then the Krein bound q411¿0 transforms into
4st2(s+ 1)2(s+ (t + 2)2)(s+ t2)
(t2 + 2t − s)2 ¿0: (5)
Now assume a1¿0, so s¡ −(t + 1)2 by integrality of a1 and therefore, together with
(5) we obtain
− (t + 2)26s¡ −(t + 1)2: (6)
Set q= t + 2 and u=(s+ q2)=2, i.e., s=2u− q2=2u− (t + 2)2. Since the eigenvalues
of local graphs must be integral (see [15, Corollary 7.3]), we have u∈{0; 1; : : : ; q−1}.
Inequality (6) implies together with (5) that s= −(t + 2)2 if and only if q411=0, i.e.,
 is an antipodal tight graph AT4(t; t+2; r). Suppose u=q−1, i.e., s= −(t+1)2−1.
Then k=(w2+1)w; )=w−1; =w2+1, where w= t+1, and so  is a point graph of
a generalized quadrangle GQ(w; w2) by [7, Theorem 7.9]. Since
√
a21 + 4k is integral
by Lemma 2.1, cf. [5, Corollary 4.2.5], we obtain through a direct substitution that
4w3 + (w + 1)2 is a perfect square. It remains to consider the case when u =0; q − 1.
We calculate
k = q3 − 3qu− 2q+ 2u+ u(4q− 4 + u(q− 4))
q(q− 1)− u
= 5q2 − 4qu− 10q+ 6u+ 4 + q(q− 2)
2(q− 1)2
q(q− 1)− u
(expressions for ); ; )′; ′ and +() have the same rational part). The Krst
equality implies u(4q− 4 + u(q− 4))¿q2 − q− u and hence u¿√q, i.e., −(t + 2)2 +√
t + 26s, while the second equality gives us the desired divisibility condition on
u: (q(q − 1) − u) | (q − 2)2(q − 1)2q. Finally, integrality of
√
a21 + 4k implies that
the expression 4u4[q − 2]2 − 4u3(q − 1)[q3 − q2 − 6q + 10] + u2(q − 1)2[q4 + 6q3 −
15q2 + 12q + 20] − 2u(q − 1)3[q(q + 1)(q2 + 4)] + (q − 1)4[q(q + 2)]2 is a perfect
square.
Corollary 3.2. If the elliptic curve y2=4w3 + (w+ 1)2 has no integral solution, then
there are no distance-regular antipodal covers of the point graph of a generalized
quadrangle GQ(w; w2) for any w.
Remark 3.3. The point graph of a generalized quadrangle GQ(w; w2) cannot be an
antipodal quotient of a distance-regular graph for w a prime power by Van Bon and








































































Fig. 3. (a) The distance distribution corresponding to a pair of adjacent vertices of a non-
bipartite antipodal distance-regular graph with diameter four, q444 =0 and a1 =a3 =0. We have
|D12|= |D21 |=b1; |D12|= |D12|=(r − 1)b1; |D22|=k2 − b1. (b) The 1-homogeneous partition of the Wells
graph. (c) The partition of the dodecahedron that happens in the second subconstituent of the Wells graph,
indicated by the two dotted tetrahedra and the white points. By the way, it is not too diScult to see that
these two tetrahedra intersect in an octahedron, or if you prefer, they are the stellation of the octahedron,
and that if we join each vertex of one tetrahedron with the closest three points of the other tetrahedron, then
we obtain a cube. Actually, the nonconvex polyhedron formed by a compound of two tetrahedra is quite
famous. It was called Stella Octangula by Johannes Kepler in his most important work Harmonices mundi
of 1619. (See http://valjhun.fmf.uni-lj.si/ ajurisic/stella.htm for the view from any point.)
In 1509 Fra Luca Pacioli described this object with the name Octahedron Elevatum; however, the idea of
polyhedra and compounds with intersecting faces was new with Kepler.
Brouwer [2]. It is worth mentioning that A. Thue and C.1. Siegel proved that the set
of integral solutions of an elliptic curve with integral coeScients is always Knite. We
believe that the above elliptic curve has no integral solutions with w¿0.
Conjecture 3.4. A nonbipartite antipodal distance-regular graph of diameter four with
q444=0 is 1-homogeneous.
Remark 3.5. If the above conjecture is true, then, by Fig. 3(a), there are no examples
that satisfy (iii) or (iv) of Lemma 3.1. We provide some evidence for that. The divis-
ibility condition in Lemma 3.1(iv) rules out most of feasible intersection arrays. The
remaining parameters (see Table 1), together with the case u=q−1, are ruled out using
only the integrality of the eigenvalue 3 by MAPLE for q61:2×106; 16u6q− 1.
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Table 1
Pairs of integers q and u for which q61:2×106; 16u6q − 2 and (q(q − 1) − u) | (q − 2)2(q − 1)2q
(obtained by MAPLE)
# 1 2 3 4 5 6 7 8 9 10
0 q 5 11 22 26 37 121 134 170 287 495
u 2 2 12 10 9 70 35 65 182 325
1 q 496 497 698 1157 1276 1847 2641 3588 4030 4061
u 132 112 408 442 275 494 912 1564 850 2378
2 q 4642 5291 5797 5860 6889 7106 7922 10865 23662 25706
u 1122 740 612 756 1845 4930 3026 4592 13860 6887
3 q 28702 29212 32800 35336 36577 39665 41791 43947 51086 52327
u 6102 21507 9984 14800 22752 4070 16590 33288 3485 11502
4 q 53867 53957 54290 55387 55756 62568 82391 95932 101362 119341
u 36938 14852 20737 35114 3540 22962 25145 25704 35282 91962
(b) Let  be a nonbipartite antipodal distance-regular graph with diameter four and
a1=0. Then  is 1-homogeneous in the sense of Nomura by [13, Remark 3.4]. See
Fig. 3.
Suppose  is an antipodal distance-regular graph with diameter four and
q444=0. Then we have a1=0 if and only if s= − t(t + 2). If this is the case, then
k= t(t2+3t+1); b1=k−1; b2=(r−1)t(t+1)=r; b3=1; c2= t(t+1)=r; c3=b1; c4=k,
and a2=k− t(t+1). This family is already well known, see Brouwer et al. [5, p. 421],
its antipodal quotients are strongly regular graphs of negative Latin square type
NLt(t2 + 3t), cf. Cameron and van Lint [8, p. 29]. For t=1 we get the Wells graph
{5; 4; 1; 1; 1; 1; 4; 5}, whose second subconstituent is the dodecahedron. See Fig. 3(b),
[5, Section 9.2E] and Fig. 5(b). Tables in [5, pp. 421–425] contain a few more feasible
intersection arrays: t=2 with r∈{2; 3; 6} (these graphs would cover the Higman–Sims
graph), t=3 with r∈{2; 3; 4; 6; 12}; t=4 with r∈{2; 4; 5} and t=5 with r=2.
4. The 2-homogeneous property
Let  be a nonbipartite antipodal distance-regular graph of diameter four and antipo-
dal class size r. Then a2=k − rc2 =0 by Lemma 2.1. Suppose  is 1-homogeneous.
This is equivalent to  being locally strongly regular with parameters (k ′; )′; ′) and
that there exists an integer + such that
for all vertices u; v and z of  with @(u; v)=2=@(v; w) and @(u; w)=1;
we have |(u)∩(v)∩(w)|=+:
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A two way counting of edges between the sets D12(u; v) and D
1
1 (u; v) yields
+=c2(a1−′)=a2. We show that  is nearly 2-homogeneous—except for those vertices
associated with one cell, all necessary structure exists.
Proposition 4.1. Let  be a 1-homogeneous antipodal distance-regular graph with
diameter four. Let u and v be vertices of  at distance two. The subgraph induced
by the vertices which are not at distance two from both u and v has an equitable
partition 1={Dij (u; v) | i=0; : : : ; 4; j=0; : : : ; 4; (i; j) =(2; 2)}, with parameters as in
Fig. 4(a).
Proof. If  is bipartite, then the statement is obvious, so we assume  is not bipartite.
Consider the distance partition of  corresponding to a pair (u; v) of vertices at distance
two, and let Dij :=D
i
j (u; v)=i(u)∩j(v). See Fig. 4. Then the distance-regularity and







corresponding to the partition 1 are as presented in Fig. 4. Furthermore, each vertex in
D11 has, by [14, Lemma 2.3], 
′ neighbours in D11 ; a1 − ′ neighbours in D21 (as well
as in D12) and k − ′ − 2(a1 − ′) − 2=2b1 − k + ′ neighbours in D22. For a vertex
w∈D12, there are exactly + of neighbours of w in D11 . Then the number of neighbours
of w in D21 is c2 − +.
Gardiner [9] proved that in an antipodal distance-regular graph  with diameter d,
a vertex x which is at distance i6d=2 from one vertex in an antipodal class is at




{d(y) |y∈i(x)} for i=0; 1; : : : ; d=2: (7)
Let us suppose  is 1-homogeneous. If we fold , i.e., take the antipodal quotient of
, then by (7) the cells Dd−jd−i (u; v) and D
j
i (u; v) fold together for 06i; j6d=2.
Let us now go back to the diameter four case.
Let F={v1; : : : ; vr} be an antipodal class of  with v=v1. Based on (7), we draw
Fig. 5(c). We start with the distance partition corresponding to vertices of F . Then
the distance partition corresponding to the vertex vi follows:





Finally, we relate these two partitions to the distance partition corresponding to v and







1 (u; vi)∪D12(u; vi)∪D13 (u; vi):
It follows that D12(u; v)=D
1
2(u; t) for each t∈D24 (u; v). Furthermore, we express the set
D13 (u; v) as union of disjoint sets for which we already know the cardinality of the
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Fig. 4. (a) The distance distribution of  corresponding to a pair of vertices at distance two. (b) Since for
a1 =0 the graph  is actually an antipodal tight graph AT4(p; q; r), we express all the intersection numbers
also in terms of the parameters p; q and r (see [15]): k=q(pq+p+q); a1 =p(q+1); b1 =(q2−1)(p+1);
a2 =pq2; c2 =q(p+q)=r; )′=2p−q; ′=p; +=(p+q)=r; p211 =c2 =q(p+q)=r; p212 =a2 =pq2; p213 =b2 =
(r − 1)q(p+ q)=r; p222 =k2 − r(a1 + 1); p223 =(r − 1)(k − rc2)=pq2(r − 1); p224 = r − 1; p233 =b2(r − 1).
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Fig. 5. (a) The case of a1 =0 and the distance distribution of  corresponding to a pair of vertices at
distance two. (b) An equitable reKnement of the distance partition corresponding to a pair of vertices at
distance two of the Wells graph shows that  is not 2-homogeneous in general. (c) Three partitions of an




{D11 (t; u) | t∈D24 (u; v)}: (8)
Hence, the number of neighbours of w in the set D13 is (r − 1)+. Finally, the number
of neighbours of w in D23 is b1 − (r − 1)+=(r − 1)(c2 − +), in D12 is a1 − r+, and in
D22 is b1 − r(c2 − +).
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Let z be a vertex in D13 . By antipodality, there are no edges between the sets of the
union in (8). Therefore, z has ′ neighbours in D13 ; a1 − ′ neighbours in D12 and, by
a1=a3, also a1 − ′ neighbours in D23 . Finally, z has 2b1 − k + ′ neighbours in D22
and b3=1 neighbours in D24 . By the symmetry between u and v, the vertices in D
2
1





Since  is antipodal with diameter 4, the vertices in the sets D24 and D
4
2 fold, re-
spectively, to v and u, and therefore D33 ∪D31 folds onto D11 ∪D13 , and D23 ; D32 fold,
respectively, onto D21 and D
1
2. Furthermore, the neighbourhoods of antipodal vertices are
disjoint, in particular the neighbourhoods of vertices in D42 or neighbourhoods of ver-
tices in D24 , and D
3
3 (u; v) is a disjoint union of (r − 1)2 sets D11 (x; y); x∈D24 ; y∈D42.
Hence, each vertex in the set D33 has one neighbour in D
4




neighbours in D33 ; a1 − ′ neighbours in D23 (as well as in D32) and 2b1 − k + ′
neighbours in D22. Finally, a vertex in D
2
3 has one neighbour in D
2
4 ; a1 − r+ neigh-
bours in D23 ; + neighbours in D
1
3 ; (r − 1)+ neighbours in D33 ; c2 − + neighbours in
D12; (r − 1)(c2 − +) neighbours in D32 and b1 − r(c2 − +) neighbours in D22. By the
symmetry between u and v, the vertices in D32 could be handled similar to the vertices
in D23 .
5. The second subconstituents and the 2-homogeneous property
Let  be an antipodal tight graph AT4(p; q; r). We Krst Knd that the vanishing of
the Krein parameter q444 implies the second subconstituents of  are antipodal distance-
regular graphs of diameter four. If we additionally assume that  is a double cover,
i.e., r=2, then  has the 2-homogeneous property.
Corresponding to the previous section it remains to consider vertices in the set
D22(u; v) where u and v are at distance two. We will need the following result, cf.
Terwilliger [23, Eq. (12)]. For a graph  with vertex set X and x∈X , let xˆ de-
note the element in R|X | with 1 in coordinate x and 0 in all other
coordinates.
Theorem 5.1. Let  be a distance-regular graph with diameter d¿2, the cosine se-
quence (30; : : : ; 3d) corresponding to a nontrivial primitive idempotent E. For a pair
of vertices (u; v) at distance 2, let ′ denote the average valency of the -graph of u
and v, i.e., the graph induced by D11 (u; v). Then
1− 322 + c2(32 + 322 − 2321) + ′(31 − 32)(1 + 32)¿0 (9)





If the eigenvalue  corresponding to E is not −1, then equality in (9) implies all
-graphs are regular.
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Proof. For a pair of vertices u and v at distance two we write the following Cauchy–
Schwartz inequality





and 〈; 〉 denotes the Euclidean inner product. We recall [17, Lemma 2.2] that the cosine
of an angle between vectors Exˆ and Eyˆ equals 3i, whenever x and y are vertices of 
at distance i. Therefore, after division by 2c2 we obtain (9). The inequality (9) holds
with equality if and only if the vectors w11(u; v) and Euˆ+ Evˆ are collinear. By taking
the inner product of the left and the right side of w11(u; v)=c(Euˆ+ Evˆ) with Euˆ, we
obtain c231=(32 + 1)c, as desired.
Let us now assume (10) holds. Suppose 32= −1. Let  be an eigenvalue of 
corresponding to E. Then 31=0, i.e., =0, and, by 32=(2− a1− k)=(kb1)= −1=b1,
also b1=1. Hence  is either a cycle or Km×2, for m¿2, by [5, Proposition 1.1.6] and
all -graphs are regular.
It remains to consider the case when 32 + 1 is nonzero. Let w∈D11 (u; v), and let
′(w) denote the number of vertices in D11 (u; v) adjacent to w. Then, by taking the
inner product of the left and the right side of (10) with Ewˆ, we obtain
(32 + 1)(1 + ′(w)31 + (c2 − ′(w)− 1)32)=2c2321;
i:e:; ′(w)(32 + 1)(31 − 32)=2c2321 − (32 + 1)(1 + c232 − 32):
Since E is a nontrivial idempotent, it follows  =k. Thus 31− 32=(k−)(1+)=(kb1)
is nonzero for  = −1, in which case ′(w)=′ for every w∈D11 (u; v).
Remark 5.2. In that case when E corresponds to 1 or 3 of an antipodal distance-
regular graph with diameter four, we have 32=0, and the inequality (9) simpliKes
considerably: 1− 2c2321 + ′31¿0.
Remark 5.3. If we consider a pair (u; v) of adjacent vertices (instead of a pair of
vertices at distance two), the above Cauchy–Schwartz inequality can be expressed as
a1(1− 31)(1 + 31 + a131)− ′(31 − 32)(1 + 31)b1¿0 (12)
with equality if and only if the vectors w11(u; v) and Euˆ + Evˆ are collinear,
cf. Terwilliger [23, Eq. (13)]. The above inequality gives us the least upper bound
(respectively, the greatest lower bound) on ′ when E corresponds to 1 (respec-
tively, d). The inequality, which consists of this upper bound being bigger than or
equal to this lower bound, can be easily transformed to the inequality, which was called
in [17] the Fundamental Bound. In case of equality we get two linear dependencies,
which have already been used in [17].
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As an immediate consequence we obtain, by (2) and expressions in Fig. 4(b), the
following result, and remark that 1 or 4 are the only nontrivial eigenvalues for which
we can get equality in (9).
Corollary 5.4. For an antipodal tight graph AT4(p; q; r) the inequality (9) holds with
equality for
(i) the cosine sequence {3i} corresponding to 1 if and only if r=2,
(ii) the cosine sequence {3i} corresponding to 4 if and only if q444=0, i.e., p=q−2.
Theorem 5.5. Let  be an antipodal tight graph AT4(p; q; r) with q444=0. Then each
second subconstituent graph, i.e., the graph induced on 2(x) for every x∈V (), is an
antipodal distance-regular graph with diameter four (see Fig. 6), intersection array
{(q− 2)q2; (q− 1)3; 2(r − 1)(q− 1)(q− 2)=r; 1;
1; 2(q− 1)(q− 2)=r; (q− 1)3; (q− 2)q2}
eigenvalues (q − 2)q2; (q − 2)q; q − 2; −q; −q(q − 2) − 2, and their respective
multiplicities 1; (r − 1)(q2 − 2)(q + 1)=2; (q − 2)q(q + 1)=2; (r − 1)(q2 − 2)(q − 2)
(q+ 1)=2; (q− 1)q(q2 − 2)=2.
Proof. By Proposition 4.1, we need to consider only the vertices in the set D22 of a
distance partition corresponding to a pair of vertices (u; v) in  at distance two. See
Figs. 4 and 6. Let z∈D22(u; v), and let xi be the number of vertices in D11 (u; z) which
are at distance i from v. Then xi is the number of neighbours of z in D1i (u; v) (see
Fig. 4) and
x1 + x2 + x3=c2: (13)
Now we take the scalar product of the left- and the right-hand side of Eq. (10) with
Ezˆ in order to derive another relation on x1; x2 and x3:
(32 + 1)(31x1 + 32x2 + 33x3)=2c23132: (14)
Assume q444=0, i.e., p=q − 2, and let E correspond to 4. Then c231=(32 + 1)=
− 2(q − 1)=r and as 31=33 we solve the system (13), (14) for x1 + x3 and x2
using (2):
x1 + x3=4(q− 1)=r and x2=2(q− 1)(q− 2)=r:
Now we repeat these calculations for the triple (z; v; t), where t∈D42, instead of the
triple (z; u; v), and obtain by antipodality of  that the number of neighbours of z in
D32 is x6= |D42|x2=2(r − 1)(q − 1)(q − 2)=r. The number of neighbours of z in D22 is
y=a2 − x2 − x6=(q− 2)(q2 − 2q+ 2).
Finally, the distance partition corresponding to u of the second subconstituent graph
of the vertex v is equitable with the desired parameters, which do not depend on
u. It follows that every second subconstituent graph of  is an antipodal distance-
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Fig. 6. (a) The distance distribution of a second subconstituent in the case when p=q−2. (b) The distance
distribution corresponding to a pair of vertices at distance two is equitable for p=q− 2 and r=2. (c) The
distance distribution of the antipodal quotient corresponding to a pair of vertices at distance two is equitable
for p=q− 2.
regular graph with diameter four and the desired intersection array. Hence, x8=x2 and
x4=x6.
Remark 5.6. For all the feasible intersection arrays of antipodal tight graphs
AT4(q − 2; q; r) from the tables in [5] the second subconstituent graph has also
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feasible intersection array. There are Kve such feasible intersection arrays which are
the candidates for a second subconstituent graph, namely for (3; 5; 2); (3; 5; 4); (4; 6; 2);
(4; 6; 5) and (5; 7; 2).
Remark 5.7. The Soicher1 graph satisKes Theorem 5.5(i) (with q=4 and r=3).
Soicher has already noticed that in the case of his graph the second subconstituent
graph is an antipodal distance-regular graph with diameter four and intersection ar-
ray {32; 27; 8; 1; 1; 4; 27; 32}. He veriKed its distance-regularity with the aid of a com-
puter. See [22]. The antipodal quotient of this graph is the strongly regular graph,
and it is the second subconstituent graph of the second subconstituent graph of the
McLaughlin graph. See [6, Section 11.4.I]. All local graphs are the incidence graphs
of the aSne plane AG(2; 4) with a parallel class deleted (their intersection arrays are
{4; 3; 3; 1; 1; 1; 3; 4} and they are the antipodal 4-covers of K4;4). The Soicher1 graph is
not 2-homogeneous, since this would imply x1= 43 .
Finally, we Knd that q444=0 and r=2 in an antipodal tight graph AT4(p; q; r) imply
the 2-homogeneous property.
Theorem 5.8. Let  be an antipodal tight graph AT4(p; q; 2). Let u and v be vertices
at distance 2 and let z∈D22(u; v). Then
|(z)∩D11 |= |(z)∩D31 |= |(z)∩D13 |= |(z)∩D33 |;
i.e., x1=x3=x5=x7, see Fig. 4. Suppose additionally q444=0. Then  is 2-homogeneous
with parameters as in Figs. 4 and 6(b).
Proof. Assume r=2, i.e. |D42|= |D24 |=1, and let E denote the primitive idempotent
corresponding to 1. Then c231=(32 + 1)=(p + q)=2; 31= −33 and 32=0 by (2),
therefore, by (14), x1=x3. Finally, we assume also q444=0, i.e., p=q − 2. Then
x1=x3=q−1; x2=x6=(q−2)(q−1) and y=(q−2)(q2−2q+2) by Corollary 5.4(i),
x7=x3; x8=x2 and x4=x6 by symmetry between u and v, and x5=b2− x3− x4=q−1.
Hence, the distance partition corresponding to u and v; @(u; v)=2 is equitable and the
graph  is 2-homogeneous with the desired parameters.
6. Other directions
Let  be a nonbipartite antipodal distance-regular graph with diameter four, antipodal
class size r and eigenvalues 0¿ · · ·¿4. We started our investigation of  with
vanishing of Krein parameter q444 and ended up with interesting results about the AT4
family.
Conjecture 6.1. The family of antipodal tight graphs AT4(p; q; r) is 7nite and it con-
sists of only the following cases:
(i) q |p and r=q or r=2, i.e., AT4(qs; q; q) or AT4(qs; q; 2) for s∈N, or
(ii) p=q− 2 and r=q− 1 or r=2, i.e., AT4(q− 2; q; q− 1) or AT4(q− 2; q; 2), or
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Table 2
AT4 family, + = (p + q)=r; c2 = q+.
# graph k p q r + c2 -graph
(a) Known examples, where “!” indicates the uniqueness of the corresponding graph
A1 ! Conway-Smith 10 1 2 3 1 2 K2
A2 ! J (8; 4) 16 2 2 2 2 4 K2; 2
A3 ! halved 8-cube 28 4 2 2 3 6 K3×2
A4 ! 3:O−6 (3) 45 3 3 3 2 6 K3; 3
A5 ! Soicher1 [22] 56 2 4 3 2 8 2 · K2; 2
A6 ! 3:O7(3) 117 9 3 3 4 12 K4×3
A7 Meixner1 [19] 176 8 4 2 6 24 2 · K3×4
A8 ! Meixner2 [19] 176 8 4 4 3 12 K3×4
A9 Soicher2 [22] 416 20 4 3 8 32 K2-ext: of 12Q5
A10 3:Fi−24 31671 351 9 3 120 1080 no idea
(b) Remaining open cases of small members of the AT4 family and some ideas for their
-graphs (whose valency is p)
B1 96 4 4 2 4 16 2 · K4; 4
B2 115 3 5 2 4 20 2 · Petersen
B3 115 3 5 4 2 10 Petersen
B4 117 9 3 2 6 18 K9; 9
B5 176 8 4 3 4 16 2 · K8; 8
B6 204 4 6 2 5 30 5 · K3×2
B7 204 4 6 5 2 12 2 · K3×2
B8 261 21 3 2 12 36 no idea
B9 288 6 6 2 6 36 3 · K6; 6
B10 288 6 6 3 4 24 2 · K6; 6
B11 329 5 7 2 6 42 7 · K6
B12 336 16 4 2 10 40 2 · K5×4
B13 416 20 4 2 12 48 2 · K6×4
(iii) the Conway–Smith graph (AT4(1; 2; 3)), the Soicher2 graph (AT4(20; 4; 3)) and
the 3:Fi−24 graph (AT4(351; 9; 3)).
In the case (i) the integrality of p222 implies s+ 1 | 2q(q− 1)(q2 − 1).
Juri)si*c and Koolen [16] classiKed the subfamily AT4(qs; q; q), and derived that an-
tipodal tight graphs AT4(6; 3; 3); AT4(4; 4; 4); AT4(5; 5; 5) and AT4(15; 3; 3) do not
exist, while AT4(3; 3; 3); AT4(9; 3; 3) and AT4(8; 4; 4) are unique, i.e., are deter-
mined by their intersection arrays. Furthermore, they showed that r6q − 1 for all
antipodal tight graphs AT4(p; q; r) except the Conway–Smith graph (AT4(1; 2; 3)), the
Johnson graph J (8; 4) (AT4(2; 2; 2)), the 3:O−6 (3) graph (AT4(3; 3; 3)), the halved
8-cube (AT4(4; 2; 2)), the Meixner2 graph (AT4(8; 4; 4)) and the 3:O7(3) graph
(AT4(9; 3; 3)).
Table 2(a) contains the list of all known examples of AT4 family and their -
graphs. Furthermore, Table 2(b) lists small feasible intersection arrays, and it seems
that a good place to start their investigation is to forecast their -graphs. Note that
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some of these parameter sets might not exist. One way to prove this could be to show
that on one hand their parameters imply the suggested -graphs (in particular, show
this for B4), and on the other hand to classify all members of the AT4 family with
such -graphs in order to Knd out that the obtained list does not contain the parameter
set in question.
The above conjecture implies that B5 and B10 do not exist, while all other open
cases fall into the above four subfamilies:
• {A2; A3; A4; A6; A8}=AT4(qs; q; q),
• A7; B1; B4; B8; B9; B12; B13∈AT4(qs; q; 2),
• A5; B3; B7∈AT4(q− 2; q; q− 1) and
• B2; B6; B11∈AT4(q− 2; q; 2).
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